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We have to make a choice!

Red Pill Blue Pill
1
0ij = Cijri€n €= F0z %(”1/ +oy)
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation I

1. Mathematical Rudiments

Einstein’s Summation Convention: Dummy Indices

n
S =a1x1 + axx2 4+ = E ;T —> A; Ty = ATk = AmTm
i=1

Consider a = a;;zix5, v = vié;, £ =T;;€éé;

V.
Free Indices
Y1 = a11T1 + a12x2 + ai13rs3
Y2 = a2171 + a22T2 + a23T3 p = Yi = AT
Y3 = a31T1 + a32T2 + a33x3
Consider Ti; = Aim Ajm.
y
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation II

1. Mathematical Rudiments

The Kronecker Delta

1=
=G =0 sy

Consider Cjjx = 8ik0j1, Cijit = 0110k

The Levi-Civita Symbol

1 if {(z,7,k)} € {(1,2,3),(2,3,1),(3,1,2)}
€ije 1= €i - (&5 x &) = ¢ =1 if {(4,5,k)} € {(3,2,1),(2,1,3),(1,3,2)}
~—— .
€ijkéi 0 otherwise

—

Consider a - (b x ¢) ,AF .

Balaji, N. N. (AE, IITM) AS3020* August 19, 2024 5/13



Mathematical Rudiments Indicial Notation

1.1. Indicial Notation III

1. Mathematical Rudiments

Property: €;jk€mnk = dimdjn — dindjm

€ijh€mnk = (€ijk€k) - (€mnk€r) = (& X &) - (ém X én)

1, éiXéj:émXén
(é¢><éj)(ém><én): -1, éiXéj:—émXén:énXém
0, otherwise

Consider a X (b X ¢)
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation IV

1. Mathematical Rudiments

Derivative Notation

Bui .
8xj '

= Ui

Consider Vu, V- u, V X u, Vx Q

Exercise

Vu,V - (Vu),V-(Vxu),VxVxuyV- o
2u B
v
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation V

1. Mathematical Rudiments

Vectors, Tensors

Consider:
@ Order of a tensor @ “Notational abuse”
@ Vector-components as first order @ Symmetric, antisymmetric tensors
tensors .
@ Antisymmetry as a cross product
@ The tensor product and 2nd order .
@ Representation of
tensors

Figen-decomposition
@ Tensors as defining an operation . .
& P @ Calculus: Gradient, Divergence,

Laplacian, Curl, curvilinear
@ Coordinate transformation coordinates

@ Identity tensors
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus

1. Mathematical Rudiments

Differential Calculus
Scalar, vector fields
Gradients, directional derivative

Divergence, Curl

Curvilinear coordinates: The
divergence has to be
coordinate-independent
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus

1. Mathematical Rudiments
Curvilinear Coordinates

@ Scalar field ¢ gradient:

8
0p = ¢ 5 T+ BT o9 —— 02
8¢ o
——or+ ——40
_ . =" 50
Differential Calculus
@ Scalar, vector fields @ Polar bases
@ Gradients, directional derivative €, = Coey + Spe, = de, = dbe,
@ Divergence, Curl €y = —Soey + Coey = ey = —d0e,
@ Curvilinear coordinates: The o
divergence has to be @ Position vector
coordinate-independent or = dre,. + rée,.

= dre, + robey

@ For 6¢p =V ¢ or,

_9, 109
Vo= GTQTJF r 8929
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus

1. Mathematical Rudiments

Integral Calculus

@ The line integral: [ F -dz
Potential theory:
fB’D Fidr, =0 —

o F; =¢,; and €iijk,j|D =0

Differential Calculus

@ Scalar, vector fields F=Véand VxF =0
o I' = r =y
° G.radlents7 directional derivative e Gauss Divergence Theorem
@ Divergence, Curl Jp Pijk...idD = faD Piji.. dA;
@ Curvilinear coordinates: The @ Stoke’s Law:
divergence has to be JA(VXE)-dA= [, F-dz

coordinate-independent
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus

1. Mathematical Rudiments

Stoke’s Law as a Special Case of Gauss

Divergence in 2D Plus
F-dx
/ (V X y) . d§ = / eijkvk’jmd|5|
s S
Differ
o Scalan v = A (eijknwk)yj d|S| ,;FE]LDQ: 0
dient: P

o Gradien :/ €i5kivEb;d| | e Theorem
@ Divergen o8 Piji...dA;
e Curviline :/ (eijkﬁil;j) vkd|(|

divergenc 98 e — F-dx

‘ R pA AL
coordinat nxb
= / vktkd\€| = / v-dl
28 a8 )
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus

1. Mathematical Rudiments

Integral Calculus

@ The line integral: [ F -dz
Potential theory:
fB’D Fidr; =0 =
o F; =¢,; and €iijk,j|D =0
e F=Vpand VX F =0

@ Gauss Divergence Theorem

Differential Calculus
Scalar, vector fields

°
@ Gradients, directional derivative
°
°

Divergence, Curl Jp Pijk...idD = [, Piji..dA;
Curvilinear coordinates: The @ Stoke’s Law:
divergence has to be JA(VxFE)-dA= [,, F-dz

coordinate-independent
P 4 @ Determinant of a Tensor

ergrk AL = e FirFy g P

o Related to volume change
through transformation
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Deformations and Strain

2. Deformations and Strain

How to describe the change in shape independently of rigid body motions? )
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Stress and Equilibrium

3. Stress and Equilibrium

Force is a vector. Area is a vector. What is pressure (F/A)? )
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Constitutive Relationships

4. Constitutive Relationships
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Constitutive Relationships
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