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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation I
1. Mathematical Rudiments

Einstein’s Summation Convention: Dummy Indices

s = a1x1 + a2x2 + · · · =
n∑

i=1

aixi → aixi = akxk = amxm

Consider α = aijxixj , v = viêi, T = Tij êiêj

Free Indices

y1 = a11x1 + a12x2 + a13x3

y2 = a21x1 + a22x2 + a23x3

y3 = a31x1 + a32x2 + a33x3

 =⇒ yi = aijxj

Consider Tij = AimAjm.
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation II
1. Mathematical Rudiments

The Kronecker Delta

δij := êi · êj =

{
1 i = j

0 i ̸= j

Consider Cijkl = δikδjl, Cijkl = δilδjk.

The Levi-Civita Symbol

ϵijk := êi · (êj × êk)︸ ︷︷ ︸
ϵijk êi

=


1 if {(i, j, k)} ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}
−1 if {(i, j, k)} ∈ {(3, 2, 1), (2, 1, 3), (1, 3, 2)}
0 otherwise

Consider a · (b× c) ,∆F .
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation III
1. Mathematical Rudiments

Property: ϵijkϵmnk = δimδjn − δinδjm

ϵijkϵmnk = (ϵijkêk) · (ϵmnkêk) = (êi × êj) · (êm × ên)

(êi × êj) · (êm × ên) =


1, êi × êj = êm × ên

−1, êi × êj = −êm × ên = ên × êm

0, otherwise

= δimδjn − δinδjm

Consider a× (b× c)
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation IV
1. Mathematical Rudiments

Derivative Notation

∂ui

∂xj
:= ui,j

Consider ∇u, ∇ · u, ∇× u, ∇×Q

Exercise

∇u,∇ · (∇u)︸ ︷︷ ︸
∇2u

,∇ · (∇× u),∇×∇× u,∇ · σ
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation V
1. Mathematical Rudiments

Vectors, Tensors

u = uiêi, T = T ij êiêj

Consider:

Order of a tensor

Vector-components as first order
tensors

The tensor product and 2nd order
tensors

Tensors as defining an operation

Identity tensors

Coordinate transformation

“Notational abuse”

Symmetric, antisymmetric tensors

Antisymmetry as a cross product

Representation of
Eigen-decomposition

Calculus: Gradient, Divergence,
Laplacian, Curl, curvilinear
coordinates
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Mathematical Rudiments Some Multi-Variate Calculus

1.2. Some Multi-Variate Calculus
1. Mathematical Rudiments

Differential Calculus

Scalar, vector fields

Gradients, directional derivative

Divergence, Curl

Curvilinear coordinates: The
divergence has to be
coordinate-independent

Integral Calculus

The line integral:
∫
F · dx

Potential theory:∫
∂D Fidxi = 0 =⇒

Fi = ϕ,i and ϵijkFk,j |D = 0
F = ∇ϕ and ∇× F = 0

Gauss Divergence Theorem∫
D Pijk...,idD =

∫
∂D Pijk...dAi

Stoke’s Law:∫
A
(∇× F ) · dA =

∫
∂A

F · dx

Determinant of a Tensor
ϵIJK∆F = ϵijkFiIFjJFkK

Related to volume change
through transformation

Curvilinear Coordinates

Scalar field ϕ gradient:

δϕ =
∂ϕ

∂x1
δx1 +

∂ϕ

∂x2
δx2

=
∂ϕ

∂r
δr +

∂ϕ

∂θ
δθ

Polar bases

er = Cθe1 + Sθe2 =⇒ δer = δθeθ

eθ = −Sθe1 + Cθe2 =⇒ δeθ = −δθer

Position vector

δr = δrer + rδer

= δrer + rδθeθ

For δϕ = ∇ϕ · δr,

∇ϕ =
∂ϕ

∂r
er +

1

r

∂ϕ

∂θ
eθ

Stoke’s Law as a Special Case of Gauss
Divergence in 2D

∫
S
(∇× v) · dS =

∫
S
ϵijkvk,j n̂id|S|

=

∫
S
(ϵijkn̂ivk),j d|S|

=

∫
∂S

ϵijkn̂ivk b̂jd|ℓ|

=

∫
∂S

(
ϵijkn̂ib̂j

)
︸ ︷︷ ︸

n̂×b̂

vkd|ℓ|

=

∫
∂S

vktkd|ℓ| =
∫
∂S

v · dℓ
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Deformations and Strain

2. Deformations and Strain

How to describe the change in shape independently of rigid body motions?
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Stress and Equilibrium

3. Stress and Equilibrium

Force is a vector. Area is a vector. What is pressure (F/A)?
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Constitutive Relationships

4. Constitutive Relationships
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Constitutive Relationships
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